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Abstract. We show that coalgebras whose lattice of right coideals is 
distributive are coproducts of coalgebras whose lattice of right coideals 
is a chain. Those chain coalgebras are characterized as finite duals of 
noetherian chain rings whose residue field is a finite dimensional division 
algebra over the base field. They also turn out to be coreflexive and 
infinite dimensional chain coalgebras turn out to be finite duals of left 
noetherian chain domains. Given any finite dimensional division algebra 
D and D-bimodule structure on D we construct a chain coalgebra as a 
cotensor coalgebra. Moreover if D is separable over the base field, every 
chain coalgebra of type D can be embedded in such a cotensor coalgebra. 
As a consequence cotensor coalgebras arising in this way are the only 
infinite dimensional chain coalgebras over perfect fields. Finite duals of 
power series rings with coeficients in a finite dimensional division algebra 
D are further examples of chain coalgebras, which also can be seen as 
the tensor product of D* and the divided power coalgebra and can be 
realized as the generalized path coalgebra of a loop. If D is central, any 
chain coalgebra is a subcoalgebra of the finite dual of 

1. Introduction 

Coalgebraic structures in ring theory have gained a lot of interest in recent 
years due to the intensive study of quantum groups and their actions and 
coactions. In the spirit of , [3], [7j, U3j and ^1 we are looking 

at the structure of coalgebras from a module theoretic point. Our aim is 
to describe those coalgebras whose lattice of right coideals is distributive. 
This is obviously the case if the lattice is linearly ordered, i.e. a chain. An 
important example is the divided power coalgebra. 

Example. The divided power coalgebra is the coalgebra DC with basis {c n '. 

n 

n £ N} whose comultiplication and counit are given by A(c n ) = a <S> c n -j 

i=0 
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and e{c n ) = <$o,n> respectively. The coalgebra T>C is cocommutative and 
the only subcoalgebras are given by the coradical filtration {T>C n } n ^fq, where 
T>C n is the cyclic comodule generated by c n with basis {co, c\, . . . , c n }. As a 
coalgebra VC n ~ (k[x]/ (x n+1 ))* for any n > 0. It is well-known that the 
divided power coalgebra VC is the finite dual of the power series ring over k 
in one variable, i.e. VC ~ (see (Hlj. 

We will call coalgebras C whose lattice of right coideals is a chain, chain 
coalgebras. In other words, a coalgebra C is a chain coalgebra if it is a 
uniserial left or right C*-module. In [3] a coalgebra C is called right serial 
if each indecomposable injective right C-comodule is uniserial. Moreover 
a right and left serial coalgebra C is called uniserial if the composition 
factors of each indecomposable injective comodule are isomorphic. Hence 
chain coalgebras are uniserial coalgebras. We will show that any distributive 
coalgebra over a field k is a coproduct of chain coalgebras and hence is serial 
in the sense of 0. Furthermore chain coalgebras occur as finite duals of 
noetherian chain rings whose residue field is a finite dimensional division 
algebra over the base field. Duals of infinite dimensional chain coalgebras 
are left noetherian chain domains. 

2. Preliminaries 

Let us recall some basic notions of coalgebras: Fix a base field k. A 
(coassociative, counital) coalgebra over A: is a /c-vector space C with fe-linear 
maps A : C — > C ® C (the comultiplication) and e : C — > k (the counit) 
such that 

(id ® A)A = (A ® id) A and (id ® e)A = id = (e ® id) A 

hold. A right C-comodule is a fc-vector space M with a k-linear map 5 : 
M — > M (g) C (the coaction) such that (id <8> A)5 = (5 ® id)5. The class of 
right C-comodules form a category A4 C . Right C-subcomodules of C are 
called right coideals of C. Moreover attached to a coalgebra C is the dual 
algebra C* = Hom(C, k) whose multiplication is the so-called convolution 
product, i.e. for any /, g £ C* we define / * g € C* by 

f*g = v(f®g)& 

where r/ : k ® k — > k denotes the multiplication of k. Explicitly if A(x) = 
Yli=l x i ® x 'i f° r some x G C, then 

n 

f*g(x) =^2f(xi)g(x'i). 
i=l 

The unit of C* is e. C* is an associative algebra. Moreover any right C- 
comodule M becomes a left C*-module: Let 5 denote the coaction of C on 
M then for any m £ M with 5(m) = ^ILo m i® °i £ M ® C and for any 
feC* set 

n 

f^m= (id® f)5(m) = y~]mif(cj). 

i=0 

In particular C is a left C*-module and the category of right C-comodules 
M. c can be considered as a subcategory of C*-Mod. More precisely M° = 



CHAIN COALGEBRAS AND DISTRIBUTIVITY 



3 



°"[c*C] ( see 0) where a[M] for a left i?-module M over some ring R denotes 
the Wisbauer category 1 of M, i.e. the subcategory of i?-Mod whose objects 
are submodules of factor modules of direct sums of copies of M. Analogously 
the category of left C-comodules A4 can be considered as the subcategory 
<t[Cc*] of Mod-C*. A very important fact is that C is an injective cogener- 
ator in the categories A4 C and M.. Hence C is an injective object in A4 C 
and any right C-comodule embeds into a direct sum of copies of C. 

Furthermore the endomorphism ring of C as left C*-module resp. right 
C*-module are anti-isomorphic resp. isomorphic to C*: 

End( c *C) op ~ C* ~ End(C c *)- 

3. Distributive lattices 

Let C = (L, A, V, 0, 1) be a complete modular lattice. Then C is called 
distributive if for all elements a,b,c G C : 

a A (b Vc) = (a Ab) V (a Ac). 

Note that the notion of distributivity is self-dual, i.e. C is distributive if and 
only if C° is. Attached to a left i?-module M over a unital associative ring R 
is the lattice C(M) of submodules of M. M is called distributive if C(M) is 
a distributive lattice. Analogously we say that a right C-comodule M over 
a coalgebra C is distributive if its lattice of subcomodules is distributive. 

3.1. Suppose / : L — > V is an injective homomorphism of complete mod- 
ular lattices. If V is distributive, then also L is. We will use this simple 
argument to show that an injective cogenerator M is distributive provided 
its endomorphism ring is. Let M be a left i2-module and S = End(M) be 
its endomorphism ring. Denote by 

Ann : C{ R M) — C{S S ) 

the map with Ann(A^) = {/ e S \ N C Ker(/)} for all submodules N G 
C(rM). Here C(rM) denotes the lattice of submodules of M and C(Ss) 
the lattice of right ideals of 5. 

Lemma. If M is self -injective, then Ann is an anti-homomorphism of lat- 
tices. 

Proof. By definition we have Ann(iV + L) = Ann(iV)nAnn(L) and Ann(iVn 
L) D Ann(iV) + Ann(L) for all N, L G C{M). Let / / G Ann(7V n L), i.e. 
/(iV fl L) = 0. Then / extends to a map 

► M/ (N fl L) ► M/N © M/L 

1 
AI 

By self-injectivity of M, there exist h : M/N © M/L -» M such that J = h 
on M/(NnL). Writing h= g + k for g G Ann(A^) and k G Ann(L), we have 
f = g + k. Hence Ann(./V Hi) = Ann(A r ) + Ann(L) showing that Ann is an 
lattice anti-homomorphism. □ 



here we follow a recent suggestion made by Patrick F. Smith 
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3.2. Our first observation says that the endomorphism ring of a self-injective 
distributive module is distributive. 

Proposition. Let M be a self-injective left R-module. If M is distributive 
as left R-module, then End(M) is right distributive. 

Proof. Suppose that M is a distributive left i?-module. Let I, J, K be right 
ideals of S = End(M). Take / 6 I D (J + K), say / = g + h, where f £ I, 
g G J and h G K. Then / £ fS H (gS + hS). Since M is distributive, we 
have 

Ker(/) + (Kev(g) n Ker(/t)) = (Ker(/) + Ker(g)) n (Ker(/) + Ker(/i)). 
Thus applying Ann we get 

Ann(Ker(/) + (Ker(c/)nKer(/i))) = Ann((Ker(/)+Ker( 5 ))n(Ker(/)+Ker(/i))) 

Since Ann(Ker(/)) = fS by |201 p. 230] and as Ann is an anti-homomorphism 
of lattices, bv 13.11 we have 

fS n (gS + hS) = (fS n gS) + (fS n hS). 

Thus / e (fSngS) + (fSnhS) C(InJ) + (InK) for all / G If](J + K), 
i.e. J PI (J + if) = I n ( J + K), showing that S is right distributive. □ 

3.3. For a module with some cogenerator properties, the map Ann becomes 
injective. Given a module X and a module M, one says that M cogener- 
ates X if X embeds into a direct product of copies of M. A module that 
cogenerates all its factor modules is called a self-cogenerator. 

Lemma. If M is a self-cogenerator, then Ann is injective. 

Proof. Let N, L be two sub modules of M with Ann(A^) = Ann(L). Denote 
by ip : M/N —> M A the embedding of M/N into a direct product of copies 
of M. Let 7T\ : M A — > M be the projection onto the A-component for any 
A G A and let ■ M — > M/N denote the canonical projection. Then 
VA G A, TT\(ppN G Ann(iV) = Ann(L) and hence for any I G L and A G A 
we have 7T\</?£>jv(0 = 0. Thus ipp]y(l) = and as ip was injective, pn(1) = 
or equivalently / G showing L C N. Analogously one shows N C L, i.e. 
N = L. □ 

3.4. Combining the last two Lemmas we showed that the lattice of sub- 
modules of a left i?-module which is self-injective and a self-cogenerator is 
isomorphic to a sublattice of the dual lattice of right ideals of its endomor- 
phism ring. Hence we conclude 

Corollary. Let M be a self-injective left R-module which is a self-cogenerator. 
Then M is a distributive left R-module if and only if End(M) is right dis- 
tributive. 



Proof. Bv 13. II and 13.31 if End(M) is right distributive, then M is a distribu- 
tive left R- module. The converse follows from 13.21 □ 
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3.5. Considering a coalgebra C as a left C*-comodule and identifying the 
opposite ring of its endomorphism ring with C* we conclude: 

Corollary. The following statements are equivalent for a coalgebra C over 
a field. 

(a) C is a distributive right C-comodule. 

(b) C* is a left distributive ring. 

(c) C is a distributive left C-comodule. 

Proof. Follows from 13 A\ ( and its opposite version) and the ring isomorphisms 
(C*)°p ~ End(c*C) and C* ~ End(C c *)- □ 

4. Distributive coalgebras 

As seen in the last paragraph a coalgebra is a distributive right comodule 
if and only if it is a distributive left comodule. Hence we shall simply say 
that a coalgebra is distributive if it is a left or right distributive comodule. 

4.1. Stephenson characterized distributive modules as those modules M 
such that Kom(N/(N n L),L/(N P L)) = for all submodules N,L of 
M (see |19|). This important characterization will help us to show that 
any coalgebra which is distributive as left or right comodule over itself is a 
coproduct of coalgebras which are uniserial as comodules. Recall that any 
coalgebra C can be written as 

Pel 

where Sp are simple right C-comodules and E{Sp) are their injective hulls 
in Mr . Moreover, since C is a cogenerator in M c every simple right 
C-comodule is isomorphic to one of the Sp. Furthermore every right C- 
comodule has an essential socle, since comodules are locally finite dimen- 
sional. 

4.2. We need the following module theoretic Lemma in the sequel: 

Lemma. The endomorphism ring of a self-injective uniserial left R-module 
is right chain ring. 

Proof. Assume M is self-injective and uniserial and let /, g G S = End(M) 
be two endomorphisms. Since M is uniserial we have Ker(/) C Ker(g) 
or Kei(g) C Ker(/). Suppose Ker(/) C Ker(g), then Ann(Ker(g)) C 
Ann(Ker(/)). By |2J p.230] gS = Ann(Ker(c/)) and hence ^5 C fS, i.e. S 
is a right chain ring. □ 

4.3. The next Lemma tells us that direct products of chain rings are dis- 
tributive. 

Lemma. The direct product of right chain rings is a right distributive ring. 

Proof. Suppose that R is a ring which is a direct product of right chain 
rings, say R = JJi?,,, where the Ri are right chain ring. We first observe 
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that A4ax r (R), the set of all maximal right ideals of R, is of the form 
Max r (R) = {Pj : j £ 1} where for each j £ I we define: 

Pj = {(xi) ieI £ R | xj £ J(Rj)}} 

where J(Rj) is the Jacobson radical of Rj. Thus, if Pj £ A4ax r (R), for 
some j £ I and we take elements x = (xj)j g / £ R and s = (sj)ig/ Pj, then 
we have Sj $ J(Rj). Hence Sj is a unit element in Rj. Set t = (Sji)i^j, i.e. 
ti = for all i ^ j and = 1 and b = (8jiSj 1 Xj)i ( zj , i.e. b{ = for all i 7^ j 
and bj = s^ l Xj. Then xt = sb since 

{xt)i = XiU = = Sibi = (sb)i 

for all i ^ j and 

i^pctj^j j — X ' j — Sj S j j — \*^^/ 3 ' 

Therefore, for every P £ Max r (R), the set Sp = R \ P is a right Ore set. 

Moreover, let x = (xj)j e /, y = {yi)i^i £ R. Let j £ I and Pj £ Aiax r (R). 
Without loss of generality we suppose Xj £ HjRj, since Rj is a right chain 
ring. Now we take again t = (8ji)i£i, then we have t Pj and xt £ yR. 
Hence it follows that R is a right chain ring by |B1 Proposition 3.1]. 

□ 

4.4. Recall that a module is called semiartinian if every factor module 
has an essential socle. Moreover a family of modules {Mg}^ g / is called 
unrelated if Hom(M /3 /iV, M 1 /L) = for all N C Mp and L C M 7 for all 
/3 ^ 7. Having the properties of coalgebras mentioned above in mind we 
prove first the following module theoretic theorem: 

Theorem. Let M be a semiartinian, self-injective left R-module which is a 
self- cog enerator and has an indecomposable decomposition M = @o g/ Mg. 
Then the following conditions are equivalent: 

(a) M is a distributive left R-module. 

(b) {Mp}p£i is an unrelated family of uniserial modules. 

(c) End(M) is isomorphic to a direct product of right chain rings. 

(d) End(M) is a right distributive ring. 

Proof. First note that all modules Mr are injective in o~[M] and have an 
simple essential submodule, i.e. Mp is the injective hull in a[M] of a simple 
Sp- 

(a) => (b) Assume that M is distributive. For any (3 7^ 7 we have 
Hom(S' / g,5 7 ) = by Stephenson's characterization of distributivity. Hence 
all simple modules Sp are non- isomorphic. Let (3 £ I and iV C Mp. Since 
M is semiartinian, Mp/N has an essential socle. Moreover since M is self- 
cogenerator, Mp/N embeds into a direct product of copies of M. In partic- 
ular if T is simple submodule of Mp /N must be isomorphic to some simple 
submodule of M, i.e. T ~ 5 7 for some 76/. Let / : T — ► 5 7 be such an 
isomorphism. By the injectivity of My, f can be extended to some non-zero 
g : Mp/N -» M 7 : 

► T ► Mju/JV 

/ 9 

Sy > 
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For the projection ir : Mg — > Mp/N we then have git € Hom(Mg, M 7 ) which 
is if /? ^ 7 by Stephenson's characterization. Thus (5 = 7 showing that all 
simple submodules of Mp/N are isomorphic to S^. Again by Stephenson's 
characterization, the socle of Mp/N has to be simple. We proved that any 
factor module of Mp has an essential simple socle. Thus Mp is uniserial, 
because for any submodules N, L of Mp we have N/(N r\L)nL/(N t~)L) = 
in M/(iV n L) which is indecomposable. Hence TV C L or L C N. To show 
that the family {Mp} is unrelated assume that / : Mp/N — > M 7 /L is a 
non-zero homomorphism for some proper submodules iV and L of Mg resp. 
M 7 . Without loss of generality we might assume / to be injective by passing 
to Mp/N' where N'/N = Ker(/). Hence 

Sp ~ /(Soc(M /3 /iV)) = Soc(M 7 /L) ~ S 7 

implies /? = 7. 

(6) =4> (c) Since {Mg} is an unrelated family, we have 

Hom(M /3 , M) = End(Mp) © Hom(M /3 , M 7 ) = End(M /3 ) 

for all f3 € I. Hence 

End(M) = Hom(0 Mp, M) ~ JJ Hom(M /3 , M) = JJ End(M /3 ). 

By Lemma 14. 21 EndfM^) is right uniserial. 

(c) =4> (d) Follows from IOI 

(d) (a) follows fromE31 □ 

4.5. Before we apply the last theorem to the case of coalgebras we need 
the following Lemma: 

Lemma. Let C = D © E be a coalgebra, where D,E are right coideals of 
C. If Hom(c.Z), c*E) = 0, then D is a subcoalgebra of C . 

Proof. Let x G D. We need to show that A(x) E D D. For this, we 
can suppose that A(x) = Y17=i x %® Vi £ E) ® C with {xi}i<j< n linearly 
independent. For every i € {1,2,..., re} we consider the projection 7Tj : C — > 
fc, where 7Tj(u) = A, if t> = Xxi and 7Ti(f) = if v ^ A:rcj. Thus we have 
7Tj € C*, for every 1 < i < re, and 

X ^~ 71 J = ^Z^ji^Vi = Vj, 

1=1 

for every j £ {1,2,..., re}. Now, for every i S {1,2, ...,re}, we define the 
family of maps tpi : D — > C by ipi(z) = z 7Tj. Then {tpi} is a family of left 
C*-linear maps. In fact, since C is a (C*, C*)-bimodule, we have 

z ) = (/ z ) *~ = f {Z 7Ti) = / ->> 

Therefore, 



z/» i GHom( c * J D, c *C) = End(c*L') + Hom( c «L», c *£;) = End(c* J D) ; 
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by assumption. Hence, for all j € {1,2, ...,n}, we have lm(ipj) G D and 
yj = x iTj = tpj(x) G D. Thus A(x) = Yl7=l x i ® Vi £ D <3 D and so D is 
a subcoalgebra of C, as required. □ 

4.6. Recall that the coproduct of a family of coalgebras {Ca}a is defined 
to be the direct sum C = (D^ C\ with componentwise comultiplication and 
counit, i.e. 

Ai x = A A and ei\ = e x , 

where i\ denotes the embedding of C\ in C and A\ (resp. E\) denotes the 
comultiplication (resp. counit) of C\. 

Thus, in view of Lemma 14.51 if C can be written as the direct sum of an 
unrelated family of right comodules C\, then those comodules are already 
subcoalgebras and C is the coproduct of those coalgebras. 

4.7. As a corollary we have our main characterization of distributive coal- 
gebras. Call a coalgebra C right (resp. left) chain coalgebra, if it is uniserial 
as right (resp. left) comodule. 

Theorem. The following conditions are equivalent for a coalgebra C over 
a field: 

(a) C is a distributive coalgebra. 

(b) C is a coproduct of right chain coalgebras; 

(c) C* is isomorphic to a direct product of left uniserial rings. 

(d) C* is a left distributive ring. 

Proof. This follows from 14.41 Since C is a direct sum of an unrelated family 
of uniserial comodules Mp bv 14.41 each of this comodules is a subcoalgebra 
by Lemma 14*31 Hence C is a coproduct of chain (sub)coalgebras. □ 

Since the indecomposable injective right coideals of C are uniserial, the 
class of distributive coalgebras is a subclass of right serial coalgebras intro- 
duced in U3- 

4.8. To any coalgebra one associates a quiver in the following way |14j : If 
S is the representative set of simple coalgebras of C, then the quiver Tq of 
the coalgebra C has S as a set of vertices and there exists one arrow between 

51 and S2, for S\, S2 € S, if and only if S2 A S\ 7^ S\ + S2. Also in [H] it 
is shown that the quiver Tq is isomorphic, as a directed graph, to the Ext 
quiver of simple left C-comodules. So, we have one arrow between S\ and 

52 if there exists an indecomposable left C-subcomodule X and an exact 
sequence 

— ► Si — > X — ► S 2 — ► 0. 
Let C be a distributive coalgebra and suppose that {S^p^i is a represen- 
tative set of non-isomorphic simple right C-comodules. Assume that there 
exist one arrow between S a and 5 7 . Then there exists an indecomposable 
left C-subcomodule and a short exact sequence 

— > S a — > X — > S y — ► 0. 

Since simple comodules are finite dimensional, X is finite dimensional. Let 
E = Coeff(X) be the coefficient subcoalgebra of C associated to X. Since 
X is finite dimensional also E is finite dimensional, hence E is a finite 
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dimensional distributive coalgebra and S a ,X, 5 7 are right i^-comodules. By 
14.71 E is a finite coproduct of chain coalgebras, i.e. E* is a finite direct 
product of uniserial rings Ef, . . . , E*. Thus X = X\ x • • • x X n is a finite 
direct product of ^-modules X{. Since X was indecomposable, X = Xi is 
an I?*-module for some i. Since all simple ^-modules are isomorphic, we 
have S a ~ S' 7 , i.e. a = 7. We just proved: 

Proposition. Let C be a distributive coalgebra. Then the quiver Tq only 
consists of isolated points or loops. 

The above result in fact was obtained by Cuadra and Gomes- Torrecillas 
in 5 for serial coalgebras. 

5. Chain coalgebras 

It remains to characterize right chain coalgebras to finish the classification 
of distributive coalgebras. The divided power coalgebra is a typical example 
of chain coalgebras whose dual algebra is a power series ring, i.e. a discrete 
valuation ring. In this section we show that any chain coalgebra is coreflexive 
and is the finite dual of a noetherian chain ring. 

5.1. Recall that the coradical filtration {C ra } rag N of a coalgebra C is defined 
to be the Loewy series of C as left C*-module, i.e. C n is defined as the left 
C*-submodule that satisfies C n /C n _i = Soc(C/C n _i) for (n > 1), where 
C = Soc( c ,C). 

Proposition. Any right chain coalgebra C over a field k has the following 
properties: 

(1) There exists a finite dimensional division algebra D over k with 
(Co)* — D and for all n > 1: C n /C n _i — Co as right and left 
C-comodule. 

(2) Every proper right or left coideal of C is a finite dimensional sub- 
coalgebra of C and equals C n for some n > 0. In particular C = 

UnGN Cn • 

Proof. (1) Since C is uniserial as right C-comodule, Co is a simple right 
C-comodule. Since Co is a subcoalgebra, it is simple as a coalgebra. Thus 
End(c*Co) — Cq is a (finite dimensional) division ring by Schur's Lemma. 
Since C is uniserial and every factor of C has a non-zero socle, all factors 
C n /C n _i are simple and hence isomorphic to Co- 

(2) First note that dim(C n ) = (n + l)dim(D) for all n > 0. Let N 
be a finite dimensional proper right coideal of C. Since Co C N 7^ C, 
there exists a maximal number n € N such that C n C N and C n +i % N . 
As C n+ \/C n is simple and C n+ \ % N, we must have N/C n n C n+ \/C n = 
which implies N = C n . We recall that the members of the coradical filtration 
are subcoalgebras (0 Lemma 3.1.10]). Note also that any element of C is 
contained in a finite dimensional subcomodule and hence is contained in one 
of the C n , i.e. C = y] n ^C n . Let ./V be an infinite-dimensional right coideal 
of C. Since C is a chain coalgebra and all C n are finite dimensional, C n C iV 
for all n > 0. Hence C = U n£ N C„ Q N C C, i.e. N = C. □ 
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5.2. Let C be a chain coalgebra. Note first that if C is infinite dimensional, 
then any non-zero colinear endomorphism is surjective. To see this let T = 
End(c*C) and ^ f G T. Suppose C is infinite dimensional. If / would 
not be surjective, then there exists n > such that Im(/) = C n which 
is finite dimensional. Since Ker(/) = C m for some m > 0, we have that 
dim(C) = dim(C n ) + dim(C m ) < oo - a contradiction. Thus / must be 
surjective. 

In this context, we have the following result. 

Theorem. Let A the dual algebra of an infinite- dimensional chain coalgebra. 
Then, there exists an element t G A such that every element of A is the form 
at n for some n>0, where a is an invertible element of A. In particular, A 
is a left noetherian chain domain. 

Proof. Let C be a chain coalgebra and denote again the ring of colinear 
endomorphisms of C by T. To simplify notations we denote the dual C* 
of C by A. There exists an anti-isomorphism of algebras 92 : T — > A. Let 
g G A be any non-zero element and / a colinear endomorphism of C such 
that g = <£>(/)■ If / is injective, then bv 15.21 / is an isomorphism, and hence 
g is invertible in A. Thus assuming that g is not invertible in A, makes / 
non- injective and as C is a chain coalgebra, there exists n > such that 
Ker(/) = C n . Since Ann(Ke(/)) = fT, using the anti-isomorphism tp we 
have that 

Ag = ^(Ann(Ke(/))) = y?(Ann(C n )) = G/ = J n+1 

by Lemma 3.1.9], where J = Jac(^4) and I 1 - = {g G A \ g(I) = 0}. Hence 
any non-zero, non-invertible element g G A generates some finite power of 
J = Jac(.A). Let I be any non-zero left ideal of A and set 

m = min{n | 3g G I : Ag = J n }. 

Take any g G I with Ag = J m , then / = J m = Ag is cyclic. Hence A is left 
noetherian. 

Since any non-zero endomorphism of C is surjective by 15.21 for all 7^ 
/, g G T we have fog ^ 0. Hence T and thus A are domains. 

We showed that A is a local noetherian chain domain. Since J is cyclic, 
there exists an element t G A such that J = At. As J is an two-sided ideal, 
At A = At, i.e. tA C At. Note that J n = At n . To see this we have 

jn = jn-l^) = jn-l t = ... = J t n-1 = Af n _ 

For any element g G A, Ag = J n for some n > 0. Hence g G At n , i.e. 
g = ut n . If u G J, then u = at for some a G A and 5 = at n+1 shows 
g G ^4<7 = J n C J™ +1 - a contradiction. Thus u €" J is invertible since ^4 is 
local. 

□ 

5.3. Next we show that chain coalgebras are coreflexive. Recall that a 
coalgebra C is coreflexive if C is naturally isomorphic to (C*)°. By a result 
of Radford this is equivalent to say that all finite dimensional left C*-modules 
are rational, i.e. are right C-comodules in the natural way. 
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Proposition. Any infinite- dimensional chain coalgebra is corefiexive and 
hence isomorphic to the finite dual of a left noetherian chain domain. 

Proof. Since C* is noetherian, C is injective in C*-Mod by '2 j. As C is also 
an essential extension of the unique simple C*-module Co, it is an injective 
cogenerator in C*-Mod. Hence any left C*-module embeds into a direct 
product of copies of C as left C*-module. Let M be a finite dimensional 
left C*-module, then it is finitely cogenerated as left C*-module and embeds 
into a finite direct sum of copies of C. Thus M £ cr[c*C] = MP is rational 
and C is corefiexive by Radford's result. Since we showed that C* is a left 
noetherian chain domain (see 15, 2 j) . we have C ~ (C*)° as coalgebras. □ 

5.4. Combining with the previous results, we see that infinite dimensional 
chain coalgebras are duals of left noetherian chain domains all whose left 
ideals are two-sided. Since commutative noetherian chain domains are dis- 
crete valuation domains (by [18, Prop. 8.3]), we conclude that cocommuta- 
tive infinite dimensional chain coalgebras are finite duals of discrete valua- 
tion domains. 

5.5. Since any right (resp. left) coideal of a right chain coalgebra C is 
equal to a term of the coradical filtration C n , which is a subcoalgebra of 
C, it is also a left chain coalgebra. Hence we will simply refer to right 
chain coalgebras as chain coalgebras. As mentioned in the introduction, 
chain coalgebras form are special class of uniserial coalgebras of Q an d a 
coalgebra C is a chain coalgebra if and only if it is an indecomposable right 
(or left) serial coalgebra. 

We say that C is a chain coalgebra of type D for some finite dimensional 
division algebra D over k if D ~ (Co)*. The chain coalgebras of type k are 
precisely the pointed chain coalgebras. 

The following is an easy observation from the preceding: 

Corollary. The finite dimensional chain coalgebras of type D are in cor- 
respondence to the finite dimensional chain rings A whose residue field is 
isomorphic to D and whose left ideals are the powers of Jac(A). 

5.6. Let C be a coalgebra and M a C-bicomodule with left coaction p l and 
right coaction p r . The cotensor coalgebra is defined as 

T C (M) = 0¥ Dcn 

n>0 

where M^ cn for n > denotes the n-fold cotensor Mdc • • • OcM and 
M n c o ._ c ( see |X7]y T h e comultiplication of T C (M) is defined as 

A(x) = Ac(x) for x € C, A(m) = p l (m) + p r (m) for m G M and 
A(miD • • • Dm n ) = y](wti)-i ® (( m i)o^ m 2 • • • Dffin) 

71-1 

• Orni) (g> (mj+iD • • • Dm„) 

i=i 

+ y"](miD • • • □m n -iD(m n ) ) ® (m w )i, 
where p'(mi) = ^( m i)-i ( S ) ( m i)o S C(8>M and p r (m n ) = ^(m n ) ®{m n )i G 
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It has been proved in Proposition 2.3], that if Me is simple or zero 
for any primitive idempotent e G Cq then Tc (M) is right serial. As a 
consequence we have: 

Theorem. Let D be any finite dimensional division algebra over k and let 
M be any D-bimodule with M ~ D as k vector space. Then Td*(M*) is a 
chain coalgebra of type D. If D is separable overk, then any chain coalgebra 
of type D embeds into some cotensor coalgebra of the form Tu*(M*). 

Proof. Since M ~ D, M is a simple left and right D-module. Hence M* is 
naturally a simple D*-bicomodule and by 2.3] Td*(M*) is right serial. 
By |21[ 4.4] The coradical of Td*(M*) is D* which is a simple coalgebra, 
we have that Td*(M*) is a uniserial comodule and hence a chain coalgebra. 
This proves the first claim. Now suppose that D is separable over k, then 
any chain coalgebra C of type D has a coseparable coradical since Co ~ D* 
is the dual of a finite dimensional separable algebra. By |211 4.6] C embeds 
into Tc {P) for P = C\/Cq. Since the Co-bicomodule P is isomorphic to 
Co as right and left C-comodule we might choose M = P* to obtain the 
desired -D-bimodule where we consider P* as Cg-bimodule in the natural 
way and use the isomorphism D ~ Cq to induce a D-bimodule structure on 
M. Then T Co (Ci/C ) ~ T D *{M*) proves our claim. □ 

5.7. The last Theorem showed that the D-bimodule structures on D deter- 
mine all chain coalgebras in case D is separable over k. Given a finite dimen- 
sional division algebra D over k and (/c-linear) automorphism a £ Autfe(D) 
we define a new D-bimodule structure on D by a > x = ax and x < b = xa(b) 
for all a,b,x G D and denote this D-bimodule structure by D a . Suppose 
that D is equipped with two D-bimodule structures and let D\ resp. D2 
denote D with those two bimodule structures. Then we say that the two D- 
bimodule structures are equivalent if there exists a D-bimodule isomorphism 
from Di to D2. 

Lemma. Any D-bimodule structure on D is equivalent to the D-bimodule 
structure of D a for some a € Autfc(D). 

Proof. Let M = D be a D-bimodule and denote by > (resp. <d) the left 
(resp. right) D-action of D on M. Since y)M is a simple left D-module, 
there exists an isomorphism of left D-modules / : M — > D, i.e. 

Va, x € D : /(a > x) = af(x). 

Note that / _1 : D — > M is also a left D-module isomorphism, where 
f- 1 ^) = a > /-^l) for all a € D. 
Define a : D — > D by 

a(o) := /(/ _1 (1) <a) Va G D. 

a is obviously an isomorphism of fc-vector spaces and we will show, that it 
is an automorphism: let a, b G D first note that 

a(a) > f-\l) = /- 1 (a(a)) = /^(/(/^(l) < a)) = /^(l) < a. 
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Hence 

a(a)a(b) = a(a)/(/ -1 (l) < b) 

= f(a(a)s>f- l (l)<b) 

= fdrHl) < a) < b) = f(f-\l) < (ab)) = a(ab). 

Considering D with the -D-bimodule structure of D a , then f : M —> D a is a 
D-bimodule isomorphism. To see this we only need to show that / is right 
D-linear. Let x,a € D then 

f(x <a) = f(f(x) > r\l) < a) = f(x)f(f-\l) <a) = f(x)a(a). 

□ 

Let D be a finite dimensional separable division algebra over k. By Theo- 
rem ^, 61 Tjj*(D a *) are the only infinite dimensional chain coalgebras of type 
D (up to isomorphism) and depend only on Autfc(Z)). Let us denote for any 
finite dimensional division algebra D over k and a € Aut^(-D) the cotensor 
coalgebra To* (D a *) by T>C(D, a). At the end of the paper, we will give two 
concrete non-isomorphic examples of chain coalgebras arising in this way. 

Over perfect fields, any finite dimensional division algebra is separable. 
Hence we conclude: 

Corollary. Over a perfect field, any infinite dimensional chain coalgebra is 
isomorphic to a cotensor coalgebra DC(D, a) where D is a finite dimensional 
division algebra and a € Autjt(-D). 

5.8. Since the only (^-linear) /c-bimodule structure on k is the regular 
action, any chain coalgebra of type k is isomorphic to a subcoalgebra of 
VC(k,id) = Tk{k) which is isomorphic to the divided power coalgebra VC 
(see [H]). Thus we have: 

Corollary. The pointed chain coalgebras over k are precisely the subcoalge- 
bras of the divided power coalgebra, i.e. the dual coalgebras (k[x]/ {x n ))* for 
any n > and k[[x]]° . 

In particular if the field k is algebraically closed then it is perfect and any 
chain coalgebra is pointed thus: 

Corollary. Over an algebraically closed field, the subcoalgebras of the di- 
vided power coalgebra are the only chain coalgebras and the coproducts of 
subcoalgebras of the divided power coalgebra are the only distributive coalge- 
bras. 

5.9. Considering D as a D-bimodule by the regular action, i.e. D^, we 
will show now that the chain coalgebra DC(D, id) is isomorphic to the finite 
dual of the power series ring D [[x]] with coeficients in D. 

Theorem. Let D be a finite dimensional division algebra over k. Then 
VC(D,id) ~ D[[a;]]° as coalgebras. 

Proof. Let D be a division ring which is a /c-algebra of finite dimension 
and let {ei, e^, e r } be a fc-basis of D with e\ = 1 being the unit. Thus 
we have that D* is a coalgebra with comultiplication given by Ad*(c*) = 
^ s i e*(e s et)e* (8) e£, for 1 < i < r, and counit given by £D*(e«) = e*(ei). 



14 



CHRISTIAN LOMP AND ALVERI SANT'ANA 



Now we consider the coalgebra C which is equal to the /c-vector space 
generated by the set 

{ei : n > 0} 

with the following coalgebra structure 

A(e fcn ) = ^2 e t( e s e t)e s i ®etj 1 < k < r, and n > 

i+j=n s,t 

e(ejfcn) = 0, if n > 1, and e(e fc0 ) = £d* (e*.) = 4(ei) 
Recall that a coalgebra C = ®fc> C(fc) is called graded if 

A(C(fe)) C ^ C(t) C(j) and e(C(k)) = VA; > 0. 

Let C(fc) be the /c-vector space generated by {e±k,e2k, ■■■■> e rk}- It follows by 
the definition of A that C = (Bk>oC(k) is a graded coalgebra. Also, we have 
that C(0) = D* , as a coalgebra, which is the unique simple subcoalgebra of 
C. Let {C n } n >o denote the coradical filtration of C. Thus Co = C(0) and 

Ci = A -1 (C c + C ® C) = C(0) C(l). 

By ^ 2.2], C is coradically graded, i.e. C n = X^fc=o^(^)- 

By the definition of A, C(l) is a C(0)-bicomodule in the natural way, 
which allows us to consider the cotensor coalgebra T C ( )(C(1)). The canoni- 
cal projection ttq : C — > C(0) induces an C(0)-bicomodule map / : C — ► C(0) 
which gives rise to a coalgebra map 9 : C — > Tqm\(C(1)) by the universal 
property of the cotensor coalgebra. Moreover 6 is also a graded coalgebra 
embedding by Proposition 2.7]. 

Now we observe that since C(0) = D* as a coalgebra and C(l) = D as a 
vector space, it follows by Theorem 15.61 that Tqiq\{C(1)) is a chain coalge- 
bra of type D. Moreover, since the structure of L>-bimodule of C(l) is the 
natural one, we have that Tq(q\(C(1)) is the cotensor coalgebra Te>*(D*) = 
T>C(D, id). As a chain coalgebra has no proper infinite dimensional subcoal- 
gebras (see 15. If) the embedding 6 must be an isomorphism. 
Now we define a map ip : C* — > -D[[A]] by 

n>0 \fc=l / 

Clearly, ip is an isomorphism of fc-vector spaces. Thus, to show that ip is an 
isomorphism of fc-algebras we only need to verify that <p preserves products. 
First we observe that if e s , et are two elements of the A:-basis of D as a vector 
space, then we have 

r 

e s e t = y^4(e s e t )e fc . 
fc=i 
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Suppose now that f,g E C*. Then we have 

<p{f*g) = E n >o(ELi^(/*3)W)^ 



X n 



En>0 (ELl e fc [^2i+j=n^2 r s,t=l e l( e s e t)f(esi)g(e t j) 

E n >o (T,i+j=nT, r s ,t=l [121=1 e ke* k {e s et)} f(e si )g(e tj )J X n 
E n >o (Ei + j= n S,t=ie s /(e s i)e t 3(eti)J ^ n 
£i>o EI=i e s /(e S! )^ ! ) fc>o Et=l *0 M# 



= <p(f)<p(g) 

Note also that 

(r \ r 

Y ek£ ( ekn "> ) "> Xn = Y eke *k( ei ) = e i = L 
k=l ) k=l 

Hence we proved that T>C(D,id)* ~ C* ~ Since the chain coalge- 

bra VC(D,id) is coreflexive, we have VC(D,id) ~ (VC(D,id)*)° ~ 

□ 

5.10. There exists an alternative way to show that _D[[x]]° ~ Td*(D*). 
Note that for a finite dimensional division algebra -D we have an isomorphism 
of fc-algebras -D[[cc]] ~ D (8) fc[[x]]. Moreover taking the finite duals, we get 
by 1.5.2] an isomorphism 

£>[pf]]° ~ D* ® PC 

which can be shown to be a coalgebra homomorphism. Here we identify 
fc[[x]]° and VC. In order to apply [HI Proposition 2.7] to show the embedding 
of C = D* ®DC into the cotensor coalgebra Tq*{D*) we only need to show 
that C is coradically graded and for this one might consider the subspaces 
C(k) := D* <8> Cfc for k > 0, where {c n \ n E N} is the basis of DC as in 
example H Then C = © fc C(fe) is a graded coalgebra and one shows that 
the C = C(0) and d = (7(0) + (7(1), i.e. by 4 ( 2.2], (7 is coradically 
graded. 

In the light of the isomorphism DC(D, id) ~ D[[ar]]° — -D* <8> PC, we raise 
the following 

Conjecture: If I? is a finite dimensional division algebra over k and 
a E Autfc(-D) then T>C(D,a) ~ D[[x,a]] . 

Here Z)[[x,a]] denotes the skew power series ring, i.e. subject to the 
relation Xa = a(a)X for all a E D. 

5.11. For chain coalgebras of central type, of type D where the center of D 
is k, we have that all D-bimodule structures on D are equivalent, because 
D (8> -D op ~ End(-D) is simple artinian and hence there exists just one simple 
D-bimodule up to isomorphism. Thus we proved the 

Corollary. Let D be a finite dimensional central division algebra over k. 
Then any chain coalgebra of type D is isomorphic to a subcoalgebra of 
D[[x]]° , the finite dual of the power series ring with coeficients in D. 
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5.12. Having in mind that the divided power coalgebra DC = k[[x]]° is the 
path coalgebra of a loop, one might ask whether the chain coalgebras 
also have an interpretation in terms of path coalgebras. In ^2]) generalized 
path coalgebras were introduced and it actually turns out that those chain 
coalgberas can be considered as a generalized path coalgebra of a 

loop, where the coalgebra D* is attached to the vertex of the loop. We 
will recall some basic definitions of [I2j- Let Q = (Qo> Qi> s > e ) be a quiver, 
where we are denoting by Qo the set of vertices, by Qi the set of arrows, 
by s(a) the start vertex of a and by e(a) the end vertex of a, for a G Q\. 
A path in Q will be denoted by (a\aia2---a n \b), where aj G Qi for every 
i = 1, 2, n, and o = s(ai), e(«j) = s(ai + i), 1 < i < n — 1, and e(a n ) = b. 
The length of a path is the number of arrows in it. 

Given a family of coalgebras C = {(Cj, Aj, ei)\i G Qo} of coalgebras as- 
sociated to each of the vertices of Q, the generalized path coalgebra is con- 
structed in the following way. The elements of UjgQ Ci will be called the 
C-path of length zero, and for each n > 1, a path of length n will be given by 
ai/3ia 2 /32...a n /3 n o n+ i, where (s(/3i)|/9i^2-"/?n|e(/3 n )) is a path in Q of length 
n and for each i = 1,2, n di £ and a n+ i G C e ^\. 

The generalized path coalgebra A;(Q, C) is defined as the quotient of the 
/c-linear space generated by set of all C-paths of Q by the space generated 
by all the elements of type 

(m \ m 

nPn,0"n+l 
1=1 / 1=1 

where (s(/3i)|/3i.../3 n |e(/3 n )) is a path in Q of length n, and for each i = 
l,2...,n, aj G C s(ft) , a n+ i G C e(( g n ), and G fc, G C s(/3j ) for Z = 
1,2, ...,m., endowed with the following coalgebra structure: For a C-path 
of length n ai(3i...a n (3 n a n+ i we define 

n+l 

A(a 1 Pi...a n /3 n a n+ i) = } j ) j (a 1 /3 1 ...a i -i/3i- 1 a' i ) <g> {a'lj3ia i+l ...a n [3 n a n+ i) 

i=l di 

where Aj(aj) = Y^ a a i ® a f denotes the comultiplication of a» G Cj. The 
counit is defined as 

/ \ _ f 0, if the length of p is re > 
1 £j (p) , if p G Cj for some i £ Qo 

Li and Liu showed in |121 Proposition 2.2] that 

k(Q,C)^T k(Qo>Q {k(Q u C)) 

Let Q be a loop, i.e. Qo = {!}) Qi = {^li = e ( a ) = L an d let 

C = {D*} for a finite dimensional division algebra D over k. Since Qo 
and Q\ just consist of one element, k(Qo, {D*}) ~ D* as coalgebras and 
k(Qi,{D*}) ~ D* as -D*-bicomodules. 

Then 

k(Q, {D*}) ~ To* (£>*) ~ DC(L>, id) ~ D[[x]]°. 
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6. Examples of chain coalgebras 

The question arises how to construct explicitly examples of chain coalge- 
bras that are not subcoalgebras of the divided power coalgebra. 

6.1. Choose k = R and D = C. Let C be the real vector space with basis 
{xniVn | n > 0} and define the following coalgebraic structure on C: 

i+j=n 

A(y n ) = ^2 Xi®yj + yi® Xj 

i+j=n 

and with counit e(x n ) = <5o, n and e(y n ) = for all n > 0. Then C* ~ C[[z]] 
by the map 

oo 

/~ +*/(i/n))* n . 

n=0 

Hence C is the finite dual coalgebra of C[[z]]. 

6.2. We will construct a family of non-cocommutative chain coalgebras. 
Let D be any finite dimensional division algebra over k and (p,a £ Autfc(-D) 
two fcdinear automorphisms of D. Let V = D be the (D, D)-bimodule whose 
structure is given by a ■ x = tp(a)x and x ■ a = xa(a), for all a £ D, x £ V. 
Let A = D oc V be the trivial extension of D by V, that is as a /c-vector 
space A = D xV with multiplication 

(a, x) • (b, y) = (ab, a ■ y + x ■ b) = (ab, <p(a)y + xa(b)). 

Then A is a fc-algebra of dimension 2dim(D). Note, that A has only three 
left (resp. right) ideals A, Jac(^4) and 0, where the Jacobson radical of A is 
square zero and equals Jac(^4) = (0, V). Also note that A is commutative if 
and only if D is commutative and ip = a. Let C = Hom(^4, k) = A* be the 
dual fc-coalgebra associated to A. Then 

C = (Jac(A)) ± ~ (A/Jac(A))* ~ D* 

is simple and 0, Co and C are the only three left (resp. right) coideals of C, 
i.e. C is a chain coalgebra of type D which is cocommutative if and only if 
D is commutative and ip = a. 

6.3. To give an explicit instance of the example above let k = R be the real 
numbers and D = C be the complex numbers. Let (p = be the complex 
conjugation and a = id. Then A = C oc C has multilplication 

(a,x) ■ (b,y) = {ab,ay + xb). 

A can be seen as the factor ring C[x, a]/ (x 2 ) of the Ore extension C[x, a], 
where a denotes the complex conjugation. Hence complex scalars commute 
with x by the relation wx = xw. 

Let C = A* be the dual coalgebra of A. Then C is 4-dimensional with 
basis e, /, g, h corresponding to the 4 basis elements (1, 0), (i, 0), (0, 1), (0, i) 
of A with comultiplication 
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A(e) = e®e-f®f 

A(f) = e ®f + f®e 

A(g) = e®g+g®e+f®h-h®f 

A(h) = e(g>h + h®e- f ®g + g® f 

and counit e(e) = 1 and e(f) = e(g) = e(h) = 0. The 4-dimensional chain 
coalgebra C of type C is not cocommutative and hence not isomorphic to a 
subcoalgebra of the divided power coalgebra. 

6.4. Extending the above construction we get an infinite dimensional non- 
cocommutative chain coalgebras: Choose k = R and D = C. Let C be 
the real vector space with basis {x n ,y n \ n > 0} and define the following 
coalgebraic structure on C: 

A(z n ) = ^2 Xi®Xj - (-l)Vi ® Vj 
i+j=n 

A(j/n) = ^2 i~ l ) %X i ® Vj +Vi® x j 
i+j =n 

and with counit e{x n ) = 6o >n and e(y n ) = for all n > 0. Let a denote the 
complex conjugation and let C[[z, a]] be the skew power series ring where 
zw = a(w)z for any w € C. Then C* ~ C[[z, a]] by the map 

oo 

f»J2(f(z n )+*f(Vn))z n . 
n=0 

Hence C is the finite dual coalgebra of the (non-commutative) discrete val- 
uation domain C[[z, a]]. 

6.5. Since the only finite dimensional division algebras over R are R, C and 
the quaternions EI and since AutjR(C) = {id, a} and H is central, we have 

Corollary. R[[x]]°, C[[z]]°, C[[x, a]]° and M[[x]]° are the only real infinite 
dimensional chain coalgebras. 
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